Abstract. The two-dimensional problem of heat conduction in a rectangle where the temperature is prescribed over a portion of the boundary while the temperature gradient is prescribed over the remainder of the boundary, may be treated numerically by replacing the differential equation of heat conduction and the equations expressing the given initial and boundary conditions by their difference analogs and solving the resulting system. It is shown that if the scheme is to be stable the intervals Ax and Ay must be chosen so that kAt/(Axf + kAt/(Ay)2 g §.
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Consider the two-dimensional problem of heat conduction in a rectangle, Figure  1 , when the temperature is prescribed over the thin line portion of the boundary, while the temperature gradient is prescribed over the heavy line portion of the boundary. This is a typical problem with "mixed" boundary conditions and should not be confused with the considerably simpler problem when the temperature is prescribed over certain complete sides of the rectangle, while the temperature gradient is prescribed over the remaining sides. As far as the writer is aware no analytical solution of the mixed boundary value problem above formulated (or of the analogous problem for the cylinder) is to be found in the literature. We must therefore (if interested in numerical answers) resort to the alternative of substituting for the differential equation of heat conduction and for the equations expressing the initial and boundary conditions their appropriate difference analogs, and solving the resulting system.
The mathematical formulation of the problem is as follows :
\~T(x,y, t)l =0 c2Zx£a
where for the sake of simplicity we have at first assumed that the prescribed temperature and temperature gradient are = 0. The difference analogs of the above equations are:
(1*) Th,k,n+1 = ß Th,k_x,n + a Th-x,k,n + (1 -2« -2ß) Thtk,n + a Th+tik,n +ß Th,k+1. It will be convenient to consider the MN temperatures Thtk,n with/i = 1,2,3, --* M and /c = 1, 2, 3, • • ■ iV as the components of an M X V -dimensional vector to be denoted by T" . It will also be convenient to replace the two subscripts h and k identifying the lattice point Phk (i.e., the point with coordinate x = hAx and y = kAy) by the single subscript p running from p = 1 to p = MN with the understanding that for the M lattice points corresponding to k = 1, p runs from 1 to M, for the next set of M lattice points corresponding to k = 2 p runs from M + 1 to 2M, ■ • • etc. The system of MN equation (1*) may then be written in the matrixvector form
As is well known, to prove the stability of (9), it suffices to prove that if S denotes the largest of the sums of absolute values of the elements of the rows of A then 8$ 1.
Let Q denote the set of lattice points closest to the boundary. It is clear that if the difference equation (1*) is applied to lattice points lying inside of Í2, the resulting equation (which is in fact equation (1*) itself) has the five non-vanishing coefficients ß, a, 1 -2a -2ß, a and ß. If we assume 1 -2a -2/3 ^ 0 or a + ß ^ | it is clear that the sum of the absolute values of the coefficients is = 1. We shall show that if (1*) is applied to lattice points belonging to the set ti, the resulting equation may be characterized by the fact that the sum of absolute values of the coefficients is smaller than unity. Consider for instance the form taken by (1*) when applied to a point of 0 such that hAx ^ cx. Since for such a point Th,a = 0 the resulting equation has the four non-vanishing coefficients a, 1 -2a -2ß, a and ß. If again we assume 1 -2a -2/3 > 0, it follows that the sum of the absolute values of the coefficients is = 1 -ß < 1. In an entirely similar manner it is shown that if (1*) is applied to lattice points in Q for which hAx S; c2 and the boundary condition (5*) is taken into account, the sum of the absolute values of the coefficients of the resulting equation is 1 -a < 1. Similar conclusions may be drawn in the case of all lattice points in 0. Thus the quantity S previously defined is = 1. The stability of the difference scheme under consideration is thus proven, provided that the intervals Ax and Ai are chosen so that kAt kAt 1 a + ß -(Ä^'+ JÂyJ* = 2"
In the above discussion we assumed that the prescribed temperature is = 0°C on the thin line portion of the boundary. If instead, nonvanishing temperatures are prescribed on this portion, the criterion of stability is the same as before, since the error vector satisfies (1*) and evidently is = 0 on the portion of the boundary in question.
We shall now discuss the modifications in the above analysis if the prescribed temperature gradient does not vanish. Let the above boundary conditions (5), (6) and (7) where U" is a vector whose non-vanishing components are defined in (16) and whose remaining components are = 0. Since the error vector E" satisfies the difference equation (17) it is readily seen that (10) From (18) it follows at once that the criterion for the stability of (17) is identical with that for (9), namely that Ax and Ay must be chosen so that a + ß ú è-It may be briefly mentioned that the above analysis may be extended to the more general case of the boundary conditions pT + q(dT/dn) = F(t) where p and q take on prescribed values along the boundary. It may also be mentioned that the above analysis may be extended to problems with cylindrical and spherical symmetry. Received December 11, 1959; in revised form, February 16, 1960 . The work reported in this paper was sponsored by the Air Force Missile Development Center, Alamogordo, New Mexico.
